. important to enrich meshes locally based on the numerical solution, in contrast to using globally fine meshes, to minimize the total number of mesh points and hence minimize the cost for a given spatial accuracy. The methods of mesh refinement can be separated into three general categories:
(1) mesh regeneration, (2) mesh movement, and (3) mesh enrichment.
The first method, mesh regeneration, places the work of adapting the mesh on the mesh generation program rather than on the actual numerical solution procedure of the governing equations.
In this method, a solution is first obtained, and regions of relatively large discretization errors are detected. A new mesh is then generated to concentrate points in regions where the large discretization errors occur. This new mesh may contain more or fewer points than the original mesh.
mented within existing solution algorithms because only the locations of the existing mesh points are changed.
The final method of spatial adaptation is mesh enrichment. In this method points are added to regions of relatively large solution error by dividing locally the cells which make up the mesh or by embedding finer meshes in these regions. This method differs from mesh regeneration and movement in that the mesh is made finer in local regions while the global mesh topology remains the same. The method of mesh enrichment also is generally regarded as having advantages over regeneration and movement, especially for transient problems. 2 For example, a distinguishing feature of mesh enrichment is that the original mesh is recovered once a refined feature has passed. Another feature is that the procedures are relatively fast compared to remeshing the entire domain. This feature is important since spatial adaptation is performed many times to track transient flow features.
For the Euler and Navier-Stokes equations, computational fluid dynamics algorithms are being developed based on spatial adaptation methods.
With these equations, relatively large spatial dlscretization errors may be encountered with flow features such as shock waves, shear layers, boundary layers, and expansion fans. These flow features can be resolved more accurately using the adaptation methods mentioned above. Nakahashi and Deiwert, 3 for example, have used tension and torsional springs to move the mesh into regions where relatively large spatial discretization errors occur. This mesh movement approach showed considerable versatility for the problems treated. However, various constants were needed to control orthogonality and smoothness, and direct control of an optimal mesh adapta- 
Spatial Adaptation Procedures
In this section, the spatial adaptation procedures are described. These descriptions include detailed explanations of the procedures used to detect flow features and the procedures used to enrich and coarsen meshes of tetrahedra.
Flow Feature Detection
The first step of the spatial adaptation procedures is the detection of regions of relatively large discretization error so that the computational mesh can be locally enriched to improve the spatial accuracy or coarsened locally to reduce the computational costs. There are a number of flow parameters that can be used for enrichment indicators based on the detection of shock waves. Parameters such as density, pressure, or total velocity are useful since these quantities are discontinuous through shocks. For example, first or second, divided or undivided differences in one of these parameters, similar to the work by Dannenhoffer and Baron, 6 can be used to detect shock waves. The enrichment indicator used in this study was the magnitude of the density gradient IVp[ which is often used to detect shock waves for steady flow problems.
Mesh Enrichment
Mesh enrichment of tetrahedral meshes is performed by starting with a relatively coarse mesh of cells and then subdividing these cells until a given level of spatial accuracy has been obtained. To prevent cells from being enriched too many times near flow discontinuities such as shock waves, an upper bound is placed on the number of times a cell can be divided. Presently, the upper bound is set before a calculation is performed where the upper bound is usually constrained by the computer memory available. For transient problems the mesh enrichment procedure may be performed at each time step of the integration of the governing flow equations or it may be performed once every set number of time steps.
There are a number of ways to subdivide a tetrahedral cell. For example, a node could be added at the centroid of a cell and subdivided accordingly. This way, however,
is not appealing because it often produces irregular cells, which tend to have an adverse effect on the accuracy of the solution algorithm. Another way is to add nodes at arbitrary locations along the edges of a cell. This is the approach taken in this study, but for convenience and to maintain regular cells, the nodes are added at the midpoints of the edges of the cells.
Mesh enrichment is performed by using the enrichment indicator to determine if a cell is to be subdivided into smaller cells. To accomplish this, the enrichment indicator is computed for each cell and compared with a threshold value to determine whether a cell should be subdivided. In this study, the threshold value is set before the calculation is performed.
If the threshold is exceeded, a new node is created at the midpoint of each edge of the tetrahedral cell, and the cell is subdivided into eight smaller cells. Special care must be taken, however, when an edge that is to be bisected lies on a boundary of the mesh, since the midpoint of the edge does not generally lie on the boundary, In this case, the location of the new node is determined by using a spline of the boundary coordinates. For a given tetrahedral cell to be enriched, either one edge, three edges (all part of the same triangular face), or all six edges are bisected. In the event that only two edges are marked to be bisected and they are on the same face of the cell, the third edge of the face is automatically bisected to prevent the creation of highly skewed or stretched cells. For a type-8 element, three, five, or six nodes may be removed resulting in a type-4, a type-2, or an original cell, respectively ( Fig. 6(a) ). Similarly, if two of the three nodes that form the inner triangle of the face of a type-4 element are candidate nodes, the two nodes are removed and a type-2 element is formed as shown in Fig. 6(b) . Likewise, if all three nodes that form the inner triangle of the face of a type-4 element are candidate nodes, the three nodes are removed and the one original cell that was divided previously into four remains (Fig. 6(b) ). However, if only one of the three nodes that form the inner triangle of the subdivided face of a type-4 element is a candidate node then nothing is done.
For a type-2 element there is only one node that may be removed which is the midpoint of a previously bisected edge.
Removal of this node leaves only the cell that was divided originally into two as shown in Fig. 6 (c). It should be noted that the mesh cannot become coarser than the original mesh.
Results and Discussion
Adaptive mesh results are presented in this section for a test case involving a simulated flow field using a mesh generated inside a cube, an ONERA M6 wing, and a three-dimensional simulation of a one-dimensional shock- Fig. 9 for the three calculations performed.
In each calculation the number of cells in the mesh varies smoothly as the spherical wave propagates through the mesh. This figure illustrates the rapid increase in the number of cells in the mesh as the enrichment levels are increased, which may be surprising for such a simple test case.
ONERA M6 Win_
The ONERA M6 wing was selected to furl.her assess The mesh about the ONERA M6 wing configuration was generated using VGRID3D. The mesh extends 2½ wing semispans from the symmetry plane in the span direction.
Also, the mesh extends 6½ root chordlengths above/below the wing surface as well as 6½ root chordlengths upstream and 10 root chordlengths downstream of the wing to rectan-(b) Two enrichment levels. The calculation was performedusing implicit time integration at a CFL number of 100,000. The final solution was obtained by adapting the mesh to the magnitude of the density gradient every 300 iterations for the first 1,500 iterations and then marching the solution an additional 300 iterations on the final adapted mesh. Also, the adaptive mesh procedures allowed only one level of enrichment during the first 900 iterations, and two levels were allowed thereafter.
The convergence history for the calculation is shown in Fig. 11 where the L2-norm of the density residual is plotted versus the CPU time in hours. In Fig. 11 the spikes in the L2-norm of the density residual mark the iterations at which spatial adaptation was performed. Figure 12 shows the upper and lower surface meshes for the original starting mesh and the final adapted mesh using two levels of enrichment. A summary of the sizes of the original and adapted meshes are given in 
Shock-Tube Problem
An unsteady one-dimensional shock-tube problem was used to evaluate the accuracy and efficiency of the spatial adaptation procedures in three-dimensions. The shock-tube problem is illustrated in Fig. 18 where a diaphragm sepa- rates a high pressure (compression) chamber (1) and a low pressure (expansion) chamber (4). Initially the pressure distribution in the shock-tube is an ideal "step". At the instant the diaphragm bursts the initial pressure "step" separates into a shock wave, which propagates to the right into the low pressure chamber, and an expansion fan, which propagates to the left into the high pressure chamber. The region traversed by the shock (3) and the region traversed by the expansion fan (2) is separated by a contact surface. Each interface between the four regions moves at a constant speed as shown in Fig. 18 . 
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The calculations were performed on a coarse mesh, within parallelepiped boundaries, of unit length and with width and height that is four percent of the length of the tube. The mesh was generated using the VGRID3D mesh generator. Figure 19 shows the surface mesh for the parailelepiped. The total mesh contains 1,800 tetrahedra and 562 nodes.
The first calculation for the shock-tube problem was performed on the coarse mesh to obtain a solution for comparison with the exact solution.
The coarse mesh result expansion fan spreads and moves to the left while the shock, followed by the contact surface, moves to the right. Figure   21 shows the surface density contour lines at the same three moments in time. The second calculation used the spatial adaptation procedures starting with the coarse mesh of the first calculation. The mesh was locally pre-embedded about the initial pressure discontinuity for two levels of enrichment in order for the initial discontinuity to be sharply defined.
The solution was marched in time for 3,000 time steps and the mesh was adapted to the magnitude of the density gradi- During the course of the calculation, mesh refinement was restricted to two levels of enrichment. Figure 22 shows the resulting density profiles using spatial adaptation for the same three moments in time that were shown previously. 
Concluding Remarks
Spatial adaptation procedures for the accurate and efficient solution of steady and unsteady inviscid flow problems were described.
The adaptation procedures were developed and implemented within a three-dimensional unstructured- Both the steady and unsteady solutions obtained using spatial adaptation were shown to be of high spatial accuracy, primarily in that the shock waves were sharply captured.
